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Abstract
We study the eﬀects of a class of features of the inﬂaton potential on the spectrum and bispectrum of primordial
curvature perturbations. We provide fully numerical calculations and analytic approximations for the spectrum and
the bispectrum. Given the generality of this class of features it could be used to model phenomenologically diﬀerent
types of non gaussian features encountered in observational data such as the cosmic microwave background radiation.
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1. Introduction
To study the deviations of the primordial power spec-
trum from a smooth function various models have been
proposed. We focus on the eﬀects of features of the
inﬂaton potential on the primordial curvature pertur-
bations corresponding to a discontinuity in the ﬁrst n-
derivatives of the potential. These kind of features could
have arisen through diﬀerent mechanisms such as phase
transitions or particle production [1], but in this paper
we study their eﬀects from a phenomenological point of
view.
2. The potential
We consider a ﬂat FLRW background universe and a
canonical minimally coupled single scalar ﬁeld φ with
potential
V(φ) =
{
Vb + 12m
2φ2, φ > φ0 ,
Va + 12m
2φ2 + λφn, φ ≤ φ0 , (1)
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where Vb and Va are the vacuum energies before and
after the feature, respectively. The scalar ﬁeld obeys the
usual equation of motion on the background
φ′′ + 2
a′
a
φ′ + a2∂φV = 0, (2)
where primes indicate derivatives with respect to con-
formal time τ, a is the scalar factor, and H is the Hubble
parameter. From now on we use units where the reduced
Planck mass MPl = 1 as well as c =  = 1, and quan-
tities evaluated at the feature time τ0 are denoted by the
subscript 0. The slow roll parameters are chosen as
 ≡ − H
′
aH2
, η ≡ 
′
aH
. (3)
3. Analytic solution of the background
Assumming that V is vacuum energy dominated we
ﬁnd an analytic approximation for eq. 2 in the De Sitter
approximation with a = −1/(Hτ) given by
φ(τ) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
φ+b a(τ)
λ+ , φ > φ0 ,
φ(0)a + φ
(1)
a (τ − τ0) + φ(2)a (τ − τ0)2
+φ+a a(τ)
λ+ + φ−a a(τ)λ
−
, φ ≤ φ0 ,
(4)
where φ(i)a (i = 0, 1, 2) and φ±a are constants depending on
n, λ, and φ0 and with λ± = 3(−1 ± (1 − μ2)1/2)/2 where
μ = 2m/(3H).
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4. Analytic curvature perturbations
In this section we obtain an approximation for the
curvature perturbation ζ. For this purpose it is conve-
nient to deﬁne [2] u = −zζ, where z = a√2. Then the
equation of motion for u in Fourier space is
u′′k +
(
k2 − z
′′
z
)
uk = 0, (5)
where k is the comoving wave number. Due to the fea-
ture there is a discontinuity in z′′/z [1] given by
D0 ≡ lim
δ→0
∫ τ0+δ
τ0−δ
z′′
z
dτ = −nλa20
φn−10
φ′0
. (6)
Following [3] we look for an approximate analytic so-
lution to ζ given by
ζk(τ) =
1
z(τ)
{
v(τ, k), k < k0,
αkv(τ, k) + βkv∗(τ, k), k ≥ k0 , (7)
where αk = 1+iD0|v0|2 and βk = −iD0v20 are the Bogoli-
ubov coeﬃcients and v is the Bunch-Davies vacuum.
5. Analytic spectrum
Using eq. 7 we obtain an analytic approximation for
the spectrum at all scales given by
Pζ(k) =
H2
8π2(τe)
⎧⎪⎪⎨⎪⎪⎩1 +
D0
k
[(
1
ω2
− 1
)
sin 2ω
− 2
ω
cos 2ω
]
+
D20
2k2
[(
1 − 1
ω4
)
cos 2ω (8)
+
(
1 +
1
ω2
) ⎛⎜⎜⎜⎜⎜⎝cos2 2ω +
(
1
ω
− sin 2ω
)2⎞⎟⎟⎟⎟⎟⎠
]⎫⎪⎪⎬⎪⎪⎭ ,
where ω = k/k0 and τe is a time at which inﬂation ends.
6. Analytic bispectrum
To study the non gaussianity we deﬁne a convenient
quantity [4]
FNL(k1, k2, k3) ≡ 103(2π)7
(k1k2k3)3
k31 + k
3
2 + k
3
3
Bζ
P2ζ
, (9)
where Pζ is evaluated at k0 and Bζ is the bispectrum
given by
Bζ(k1, k2, k3) = 2(2π)3	
[
ζk1 (τe)ζk2 (τe)ζk3 (τe) (10)∫ τe
τ0
dτηa2ζ∗k1 (2ζ
′
k2
∗ζ′k3
∗ − k21ζ∗k2ζ∗k3 ) + 2p
]
,
where 2p means the two other permutations of k1, k2,
and k3. In this section we obtain analytic approxima-
tions of the FNL functions for large and small scales us-
ing the approximate eqs. 4 and 7.
Squeezed and equilateral limits for large scales. In the
squeezed limit with k1 
 k2 = k3 ≡ k and k < k0 we
obtain the approximation
FNL = −56
H5
(2π)4P2ζ
φ+2a a(τe)
(λ+)3(φ+b )
6
1
k
(11)
⎡⎢⎢⎢⎢⎢⎣δ cos δ +
(
ω
2k1 + k
k0
− 1
)
sin δ
⎤⎥⎥⎥⎥⎥⎦ ,
where δ = (2k + k1)/k0. Then in the equilateral limit we
simply set k1 = k in eq. 11.
Squeezed and equilateral limits for small scales. For
small scales, ki > k0, i = 1, 2, 3, we obtain a general
expression for eq. 9 given by
FNL =
20
3(2π)4
∏
i k3i
P2ζ
∑
i k3i
	
[∏
i
ζki (τe) (12)
(
2I1(k1, k2, k3) − k21I2(k1, k2, k3)
)
+ 2p
]
,
where
I j = (λ−)2φ−a
(
λ+φ+aA j(q1) + λ−φ−aA j(q2)
)
, (13)
with j = 1, 2, q1 = 2 + λ−, q2 = 2 + 2λ−, and
A j = (−1)
j(k2k3)2(2− j)H3−q
(4k1k2k30)3/2
α∗k1α
∗
k2α
∗
k3B j + p. , (14)
where p. indicates permutations between the ki’s and
B1 = (ikT )
q
k4T
(
kTΓ(3 − q, r0) + k1Γ(4 − q, r0)
)
, (15)
B2 = (ikT )
q
k4T
[
k3T
(
Γ(1 − q, r0) + Γ(2 − q, r0)
)
+kT
(∑
i j
kik j
)
Γ(3 − q, r0) + k1Γ(4 − q, r0)
]
,
where r0 = −iτ0kT , kT = k1 + k2 + k3, and the Γ’s are the
incomplete gamma functions.
7. Results
In the following plots we choose the parameters of
the model in terms of Planck mass as
m = 6 × 10−9, H = 2 × 10−7, φ+b = 10 . (16)
Numerical Results. In ﬁgs. 1 and 2 we plot the numeri-
cal computations of the eﬀects of the features on Pζ and
FNL on small scales, respectively. In these cases we ﬁx
n = 3 and choose λ = 6.0×10−19 (blue), λ = 1.2×10−18
(red), and λ = 2.4 × 10−18 (green).
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Figure 1: Numerical Pζ is plotted for ﬁxed n = 3 and λ = 6.0 × 10−19
(blue), λ = 1.2 × 10−18 (red), and λ = 2.4 × 10−18 (green).
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Figure 2: Numerical FNL on small scales is plotted for ﬁxed n = 3
and λ = 6.0× 10−19 (blue), λ = 1.2× 10−18 (red), and λ = 2.4× 10−18
(green).
Analytic Results. We now show the comparison of
some numerical results with the fully analytic approx-
imations derived above. In these cases we choose n = 3
and λ = 1.2×10−18. The numerical (analytic) results are
plotted in blue (red). In ﬁgs. 3-5 we show the results for
φ, Pζ , and FNL on small scales respectively.
8. Conclusions
We have seen that the feature induces oscillations on
the spectrum around the scale k0 which leaves the hori-
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Figure 3: The numerical (analytic) φ plotted in blue (red) for n = 3
and λ = 1.2 × 10−18.
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Figure 4: The numerical (analytic) Pζ plotted in blue (red) for n = 3
and λ = 1.2 × 10−18.
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Figure 5: The numerical (analytic) FNL on small scales plotted in blue
(red) for n = 3 and λ = 1.2 × 10−18.
zon at τ0. Also at small scales the bispectrum has an
oscillatory behavior whose amplitude is inversely pro-
portional to the scale and to n and λ.
We have provided analytic approximations for the
background solution and the spectrum and bispectrum
of primordial curvature perturbations which are in good
agreement with the numerical results.
It would be interesting to ﬁnd the parameters which
better ﬁt diﬀerent non gaussian features in observational
data and to investigate what more fundamental physical
mechanism could actually produce these features.
References
[1] A. E. Romano, M. Sasaki, Phys.Rev. D78 (2008) 103522.
arXiv:0809.5142, doi:10.1103/PhysRevD.78.103522.
[2] J. A. Adams, B. Cresswell, R. Easther, Phys.Rev.
D64 (2001) 123514. arXiv:astro-ph/0102236,
doi:10.1103/PhysRevD.64.123514.
[3] F. Arroja, A. E. Romano, M. Sasaki, Phys.Rev. D84 (2011)
123503. arXiv:1106.5384, doi:10.1103/PhysRevD.84.123503.
[4] S. Hannestad, T. Haugbolle, P. R. Jarnhus, M. S. Sloth,
JCAP 1006 (2010) 001. arXiv:0912.3527, doi:10.1088/1475-
7516/2010/06/001.
A. Gallego Cadavid, A.E. Romano / Nuclear and Particle Physics Proceedings 267–269 (2015) 254–256256
